
6.2 –Angle andOrthogonality in InnerProduct Spaces

De!nition: The angle 𝝎 between vectors 𝛚 and 𝛆 in a real inner product space

𝜔 is 𝜀 = cosω1
⌋
⌈𝛚, 𝛆⌉
{𝛚{ {𝛆{}

.

#5 Find the cosine of the angle between 𝜗 and 𝜛 with respect to the standard

inner product on𝜚22.

𝜗 =
⦃
2 6
1 ω3⦄

, 𝜛 =
⦃
3 2
1 0⦄

Theorem 6.2.1 Cauchy-Schwarz Inequality (generalization of Theorem 3.2.4)

If 𝛚 and 𝛆 are vectors in a real inner product space 𝜔 , then |⌈𝛚, 𝛆⌉| ⋛ {𝛚{ {𝛆{.

Theorem 6.2.2 Triangle inequalities (generalization of Theorem 3.2.5)

If 𝛚, 𝛆, and𝛝 are vectors in a real inner product space 𝜔 , then:

a. {𝛚 + 𝛆{ ⋛ {𝛚{ + {𝛆{ (triangle inequality for vectors)

b. 𝜍(𝛚, 𝛆) ⋛ 𝜍(𝛚, 𝛝) + 𝜍(𝛝, 𝛆) (triangle inequality for distances)



De!nition: Two vectors 𝛚 and 𝛆 in a real inner product space𝜔 are orthogonal
if ⌈𝛚, 𝛆⌉ = 0.

#10 Show that the vectors are orthogonalwith respect to the standard inner prod-

uct on 𝜑2.
𝛡 = 2 ω 3𝛻 + 𝛻2, 𝛠 = 4 + 2𝛻 ω 2𝛻2

#33 Let 𝜕[ω1, 1] have the integral inner product ⌈𝛡, 𝛠⌉ = ⟨ 1
ω1 ℵ(𝛻)ℶ(𝛻)𝜍𝛻 and

let 𝛡 = ℵ(𝛻) = 𝛻2 ω 𝛻 and 𝛠 = ℶ(𝛻) = 𝛻 + 1.
a. Find ⌈𝛡, 𝛠⌉.
b. Find {𝛡{ and {𝛠{.



Explore: What is {𝛡 + 𝛠{2? What about {𝛡{2 + {𝛠{2?

Theorem 6.2.3 Generalized Theorem of Pythagoras

If 𝛚 and 𝛆 are orthogonal vectors in a real inner product space, then

{𝛚 + 𝛆{2 = {𝛚{2 + {𝛆{2.



Example: Let 𝛡 = ℵ(𝛻) = 1 ω 2𝛻2, 𝛠 = ℶ(𝛻) = 4 ω 2𝛻 + 𝛻2, 𝛓 = ℷ(𝛻) = 𝛻 + 2𝛻2

and let 𝜑2 have the standard inner product.
a. Compute the following: ⌈𝛡, 𝛠⌉ and ⌈𝛠, 𝛓⌉.
b. Now let 𝜑2 have the inner product ⌈𝛡, 𝛠⌉ = ℸ0⊳0 + ℸ1⊳1 + ⊲ℸ2⊳2. Find ⊲ so

that 𝛡 and 𝛠 are orthogonal.
c. Using this new inner product, compute ⌈𝛠, 𝛓⌉.

#17 Do there exist scalars ⊲ and 0 such that the vectors 𝛡1 = 2 + ⊲𝛻 + 6𝛻2,

𝛡2 = 0 + 5𝛻 + 3𝛻2, 𝛡3 = 1 + 2𝛻 + 3𝛻2 are mutually orthogonal with respect to the

standard inner product on 𝜑2?



De!nition: (inner product space analog of De!nition 2 in Section 4.9) If 1 is

a subspace of a real inner product space 𝜔 , then the set of all vectors in 𝜔 that

are orthogonal to every vector in 1 is called the orthogonal complement of
1 and is denoted by the symbol12 (pronounced “1 perp”).

Theorem 6.2.4 (generalization of Theorem 4.9.6 (a) and (b))

If1 is a subspace of a real inner product space 𝜔 , then:

a)12 is a subspace of 𝜔 .

b)1 ε12 = {𝛗}.

Theorem 6.2.5 (generalization of Theorem 4.9.6(c))

If 1 is a subspace of a real !nite-dimensional inner product space 𝜔 , then the

orthogonal complement of12 is1 , that is, (12)2 = 1 .

#27 Find a basis for the orthogonal complement of the subspace of 34 spanned

by the vectors 𝛆1 = (1, 4, 5, 2), 𝛆2 = (2, 1, 3, 0), 𝛆3 = (ω1, 3, 2, 2).






